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ABSTRACT
We study the effect of variable jet bulk Lorentz factors, i.e., either jet acceleration or decel-
eration, on partially synchrotron self-absorbed radio spectra from cores of radio-loud active
galactic nuclei and black-hole binaries in the hard state. In about a half of quasars and radio
galaxies, their core radio spectra are observed to be soft, i.e., have the spectral index of α < 0.
If they are emitted by jets with constant Lorentz factors, that softness implies deposition of
large amounts of energy at large distances from the centre. We show here that such soft spec-
tra can be explained without that energetic requirement by emission of jets with the Doppler
factor increasing with the distance. This can happen for either jet acceleration or deceleration,
depending on the jet viewing angle. We find our model can explain the quiescent radio to
X-ray spectra of the BL Lac objects Mrk 421 and Mrk 501.
Key words: acceleration of particles – BL Lacertae objects: individual (Mrk 421) – radiation
mechanisms: non-thermal – galaxies: active – galaxies: jets – X-rays: binaries.
1 INTRODUCTION
The model of Blandford & Ko¨nigl (1979) was developed in order
to account for flat radio spectra of jets, F(ν) ∝∼ να with α ∼ 0
[where F(ν) is the energy flux per unit photon frequency], which
spectra are common in the cores of quasars, BL Lac objects and
radio galaxies (see, e.g., the compilation of Yuan et al. 2018), as
well as in the hard state of BH binaries (e.g., Fender et al. 2000).
Such spectra most likely result from a superposition of synchrotron
emission that is self-absorbed up to some distance, z ∝∼ ν−1, along
the jet and it becomes optically thin emission above it. Therefore,
most of the emission at a given frequency ν is radiated from that
distance. As the flat radio spectra can extend down to ∼100 MHz
(e.g., Z˙ywucka et al. 2014), this implies the partially self-absorbed
emission up to rather large distances.
In steady state, the spectral index of partially synchrotron self-
absorbed emission depends on the spatial distributions of both the
relativistic electrons and magnetic fields. If these distributions in
the comoving frame are given by power laws of the distance along
a conical jet with constant velocity, with the electron density of
N ∝ z−a, and the magnetic field strength of B ∝ z−b, the spectral
index is a function of the two spatial indices
α =
5a + 3b + 2(b − 1)p − 13
2a − 2 + b(p + 2) (1)
(Ko¨nigl 1981; the explicit expression is given in Zdziarski, Stawarz
& Sikora 2019). For a conserved electron number at a given energy
? E-mail: aaz@camk.edu.pl
and conserved magnetic energy flux in a conical jet with a constant
speed, the two corresponding indices are a = 2 and b = 1, respec-
tively, corresponding to α = 0. If the electrons suffer radiative and
adiabatic losses, a > 2, and if the magnetic energy is dissipated,
b > 1. In either case, the spectrum becomes harder, α > 0, corre-
sponding to the emission weakening with the distance (with respect
to the conserved case). Thus, spectra harder than α = 0 appear natu-
rally in the presence of dissipation of the jet internal energy. On the
other hand, spectra softer than α = 0 require the energy fluxes of ei-
ther electrons or magnetic field to increase along the jet. The latter
would require an external source of magnetic flux, which appears
unlikely. Thus, spectra with α < 0 require deposition of substan-
tial amounts of energy in relativistic electrons at large distances. A
possible explanation of that is advection of the relativistic electrons
from downstream in the jet, as proposed by Zdziarski et al. (2019).
That, however, requires the absence of effective adiabatic losses,
which can happen if the energy lost in that process is used for reac-
celeration of the relativistic electrons present in the jet (Zdziarski
et al. 2019). We are not certain how common that phenomenon is
in astrophysical jets.
Soft spectra with α < 0 are found to be emitted by radio cores
of about a half of the large sample (752 radio galaxies and 455
radio quasars) of radio-loud AGN analysed by Yuan et al. (2018).
Namely, they found the mean of 〈α〉 = −0.001 and the large stan-
dard deviation of σα = 0.397 for the core spectra of the combined
sample. Two examples of blazars with soft radio spectra are the BL
Lacs Mrk 501 and Mrk 421, which have α ≈ −0.2 in their quiescent
states (Abdo et al. 2011a,b).
Radio spectra with α significantly lower than 0 could, in prin-
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ciple, originate from optically-thin synchrotron emission by rela-
tivistic electrons with hard distributions, with p = 1 − 2α, where p
is the index of the electron power-law distribution (p < 1 would vi-
olate the particle number conservation). Given the relative smooth-
ness and symmetry of the distribution of the indices (Yuan et al.
2018), the origin of those spectra from partially self-absorbed emis-
sion is very likely. Furthermore, the widely observed phenomenon
of the core shift (Pushkarev et al. 2012) is well explained by the
synchrotron self-absorption and would not occur for purely opti-
cally thin emission. We also note that the spectra observed from
outside the cores, which almost certainly originate from optically-
thin synchrotron, are much softer, with the total spectra distributed
as 〈α〉 ≈ −0.79, σα ≈ 0.25 (Yuan et al. 2018).
Most of previous calculations of jet emission assumed the jet
to have a constant bulk velocity. However, astrophysical jets can
be both accelerated and decelerated. Possible acceleration mech-
anisms include conversion of a fraction the Poynting flux (e.g.,
Komissarov 2011) or a fraction of the adiabatic losses of relativistic
particles (Laing & Bridle 2004) into bulk motion. Deceleration can
occur due to interaction with the surrounding media. Observation-
ally, jet acceleration has been measured in blazars, see, e.g., Lister
et al. (2019).
In this Letter, we study the effect of a variable jet bulk Lorentz
factor on partially self-absorbed synchrotron spectra. We find that
indeed either jet acceleration or deceleration can lead to soft spectra
with α < 0.
2 THE JET MODEL
We follow here the general approach of Blandford & Ko¨nigl
(1979), for which detailed formalism was developed in Zdziarski,
Lubin´ski & Sikora (2012) and Zdziarski et al. (2019). We define
a dimensionless distance along the jet, ξ ≡ z/z0, where z0 is the
location of the onset of the emission. We use a mono-energetic ap-
proximation to the synchrotron emission and absorption and define
a dimensionless photon energy in the jet frame, ,
 =
B
Bcr
γ2, (E, ξ) ≡ E(1 + zr)
δ(ξ)mec2
, δ(ξ) ≡ 1
Γ(ξ)[1 − βj(ξ) cos i] ,
(2)
where γ is the electron Lorentz factor, δ is the Doppler factor, βjc
is the jet velocity, zr is the redshift, B and γ are measured in the jet
frame, Bcr is the critical magnetic field, E is the observed dimen-
sional photon energy, and mec2 is the electron rest energy. We allow
the jet to have a variable bulk Lorentz factor, Γ(ξ), and an arbitrary
distance dependence of the jet radius, r(ξ).
The resulting form of the synchrotron spectrum valid across
the partially self-absorbed to optically-thin regimes is given by
equations A4 and A5 of Zdziarski et al. (2019),
FS(E) =
(mec
h
)3 pi(1 + zr)cC1z0(δ)5/2 sin i
6C2D2L
×∫ ξmax
ξ0
dξ r(ξ)
[
δ(ξ)Bcr
B(ξ)
]1/2 {
1 − exp [−τsa(E, ξ)]} , (3)
τsa(E, ξ) =
C2piσTr(ξ)B(ξ)
αfBcr(E, ξ)2δ(ξ) sin i
N

√
(E, ξ)Bcr
B(ξ)
, ξ
 , (4)
where i is the jet viewing angle, N(γ, ξ) is the steady-state elec-
tron distribution in the comoving frame, which is now assumed to
be a power law in γ with the index p, N ∝ γ−p, C1(p) ∼ 1 and
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Figure 1. A comparison of the jet angular distributions of partially self-
absorbed synchrotron emission of a conical jet with constant Γ = 20, the
half-opening angle of tan Θ = 0.3 arcsin(1/Γ) (shown by the magenta dot)
and p = 2.5. The red solid curve shows the exact dependence for a partially
optically-thick jet (Zdziarski et al. 2016). The blue dashed curve shows the
approximation of equation (3), which becomes inaccurate only at small an-
gles. The black dotted curve shows the distribution for an optically thin
steady-state jet, i.e., F ∝ δ2j , which is very close to the exact dependence.
The flux is normalized to unity at i = arcsin(1/Γ) (shown by the black
point), where δ = Γ and the angular dependence factor of the dashed curve,
δ(7+3p)/(4+p)(sin i)(p−1)/(4+p), becomes equal to δ2.
C2(p) ∼ 1 are normalization factors for the synchrotron emissiv-
ity and absorption coefficient, respectively (weakly dependent on
p, see, e.g., Zdziarski et al. 2012), τsa is the self-absorption opti-
cal depth of the jet viewed at the angle i, the product δ equals the
dimensionless photon energy in the BH frame (and thus it is inde-
pendent of ξ; see equation 2), h is the Planck constant, σT is the
Thomson cross section, αf is the fine-structure constant, DL is the
luminosity distance, and ξ0() is the minimum ξ at which a given
observed photon energy, E, can be produced by the synchrotron
process in a given magnetic field, given by the maximum of 1 and
the solution of
(E, ξ0)Bcr
B(ξ0)
= γ20, (5)
where γ0 is the minimum Lorentz factor in the distribution of the
relativistic electrons. The normalization of equation (3) assumes
that the energy unit in the energy flux per unit photon energy,
dFS/dE, is the same as the unit of the photon energy, E. If the
energy units of photon energy in FS were different from that of E
then FS should be multiplied by the ratio of the two units.
We assume electrons are accelerated by a magnetic process,
with the rate γ˙accmec = ηacceB, where e is the electron charge. The
acceleration is balanced by synchrotron losses with the efficiency
factor ηacc, which is usually <∼ 1/2pi. This yields
γmax(ξ) ≈
[
9ηaccBcr
4αfB(ξ)
]1/2
. (6)
The corresponding maximum jet-frame photon energy, max =
γmax(ξ)2B(ξ)/Bcr = 9ηacc/(4αf), is independent of B (Guilbert,
Fabian & Rees 1983). We then assume that the local spectrum emit-
ted at a ξ is e-folded with that max, i.e., we multiply the integrand
in equation (3) by exp[−(ξ)/max].
The above formalism is based on integrating the radia-
tive transfer equation (with a source function corresponding to
synchrotron-emitting non-thermal electrons) over the projection on
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Figure 2. Examples of the δ(Γ) dependence for the initial Γ0 = 30 (shown
by the black points) and Γ increasing and decreasing from Γ0 by a factor of
3, for i = arcsin(1/Γ0) (black dashed curve), i = (1/3) arcsin(1/Γ0) (blue
solid curve) and i = 3 arcsin(1/Γ0) (red dotted curve). We see that for the
canonical choice of the viewing angle, i = arcsin(1/Γ0), either increasing
or decreasing Γ leads to a lowering the Doppler factor. Then either jet ac-
celeration or deceleration lead to a hardening of the partially self-absorbed
spectra, α > 0. On the other hand, a lower or higher viewing angle leads to
δ increasing with increasing and decreasing Γ, respectively. Both cases can
then result in soft partially self-absorbed spectra, with α < 0.
the plane of the sky of a conical jet viewed sideways in the ob-
server’s frame. Since we are concerned here with the viewing an-
gles close to jet opening angles, we consider here the validity of the
approach based on equations (3–4) for such angles. The flux depen-
dence on the angle of partially self-absorbed synchrotron emission
in the case of a conical jet with a half-opening angle Θ, a constant
Γ, and conserved electron distribution and magnetic energy flux (as
in Blandford & Ko¨nigl 1979) is ∝ δ(7+3p)/(4+p)(sin i)(p−1)/(4+p) (see
also Cawthorne 1991). This implies that the jet emission is null
at i = 0 and has the maximum at an angle of a fraction of order
unity of i = arcsin(1/Γ) (Cawthorne 1991). However, this formal-
ism ignores the emission of the head of the jet. That emission was
analysed in Zdziarski et al. (2016), who derived formulae allowing
to calculate exact emission of a conical jet with the half-opening
angle of Θ including the emission at angles lower than the jet half-
opening angle, and obtained a simple analytical formula for the
emission at i = 0. Here, we show an example of the exact depen-
dence a conical jet with tan Θ = 0.3 arcsin(1/Γ) and Γ = 20, see the
red solid curve in Fig. 1. We see that the maximum (rather than the
minimum) of the emission is at i = 0. The blue dashed curve shows
the approximation of equations (3–4). We see that the model of a
conical jet viewed sideways still provides a good approximation to
the exact dependence for viewing angles i & 0.3 arcsin(1/Γ), which
justifies our use of those equations in the analysis below. (A similar
comparison was shown in Zdziarski et al. 2016 for Γ = 5/3.)
We also show the exact dependence of the partially self-
absorbed synchrotron emission is rather close to ∝ δ2 (see the black
dotted curve), i.e., that of an optically-thin steady state jet, which
emission is ∝ δ2−α (Blandford & Ko¨nigl 1979; Lind & Blandford
1985; Sikora et al. 1997), where in the considered case α = 0.
We note, however, that the flux dependence for i<∼Θ of the exact
formula depends on the value of Θ, unlike that of δ2, and the agree-
ment is best1 for Θ ' 0.3/Γ.
Given that the treatment based on equations (3–4) remains
quite accurate down to a small fraction of the characteristic view-
ing angle of i ≈ 1/Γ, we can proceed further and use the above for-
malism for the cases of accelerated and decelerated jets. However,
since we will assume a variable Γ, we cannot use the δ2 approxi-
mation and have to instead use equations (3–4). Our goal here is
to account for soft partially self-absorbed spectra, i.e., with α < 0.
This requires to enhance (with respect to the constant Γ case) the
emission at large distances. Since F ∝∼ δ2, we need to consider jets
with δ increasing with the distance from the jet origin. Thus, we
show some examples of dependencies of δ(Γ) for the viewing an-
gles close to i = arcsin(1/Γ). The solid curve in Fig. 2 shows the
case of the initial Γ0 = 30 and i = arcsin(1/Γ0) and Γ increasing and
decreasing from it. We see that either results in decreasing δ. This
means that the spectra from such a jet will become harder, α > 0,
rather than softer. On the other hand, choosing a lower value of i
can lead to δ increasing with increasing Γ, and choosing a higher
value of i can lead to δ increasing with decreasing Γ, as shown in
Fig. 2 by the dashed and dotted curves, respectively. Since the usual
estimate of i = arcsin(1/Γ0) is based on a statistical argument, as
well as accelerated or decelerated jets do not have a unique Doppler
factor, the last two cases can correspond to sources with α < 0.
We intend here to show the effect of variable Lorentz factor
on the partially self-absorbed synchrotron spectra. Therefore, we
adopt simplest possible assumptions about the distribution of rela-
tivistic electrons, the spatial dependence of the magnetic field, and
the shape of the jet. Namely, we still assume the standard depen-
dencies of Blandford & Ko¨nigl (1979),
N(γ, ξ) = N0ξ−2γ−p, B(ξ) = B0ξ−1, r(ξ) = z0ξ tan Θ, (7)
which lead to α = 0 for a constant Γ. While these dependencies
neglect the effect of variable Γ on the quantities in the comoving
frame, and the possible conversion of the Poynting flux into the
electron acceleration, they can serve to illustrate that effect on the
self-absorbed spectra by perturbing only one parameter, Γ. For sim-
plicity, we also assume the jet to be conical. (We will consider self-
consistent continuous jet models in our work in preparation, where
we also will include effects of radiative losses and Compton scat-
tering.) In order to parametrize the Lorentz factor changing along
the jet, we assume a power-law dependence and parametrize Γ in
terms of its final value, Γfin, as
Γ = Γfin(ξ/ξmax)q, (8)
where q > 0 (< 0) corresponds to accelerated (decelerated) jets.
3 COMPARISONWITH DATA
We compare our model synchrotron spectrum with those of some
quiescent spectra of blazars, namely Mrk 421 and Mrk 501, which
are high-synchrotron peaked BL Lac object at the redshifts of
1 The exact value of the flux from a jet with constant Γ at i = 0 is
given by equation 14 of Zdziarski et al. (2016). The δ2 approximation
reaches the exact value at i = 0 for the jet opening angles given by
tan Θ ≈ 0.6 sin(1/Γ)/(1 + β) almost independently of p (the exact formula
can be calculated analytically).
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Figure 3. The radio-to-X-ray spectrum of the quiescent state of Mrk 421
(Abdo et al. 2011b) compared to the synchrotron model with constant Γ,
and in which the electron distribution is maintained along a conical jet with
constant velocity and conserved energy flux of toroidal magnetic field. We
see that this model fails to reproduce the radio–mm part of the spectrum.
The model parameters are Γ = 30, Θ = 0.2/Γ, z0 = 20rg, zmax = 10 pc,
B0 = 40 G, N0 = 3 × 109 cm−3, p = 2.5, i = 0.5/Γ, ηacc = 7 × 10−7.
Figure 4. The radio-to-X-ray spectrum of the quiescent state of Mrk 421
compared to the synchrotron model with an accelerated Γ with q = 0.1 up
to the terminal value of Γfin = 30 (which corresponds to the initial Γ ≈ 8),
and i = 0.5/Γfin, Θ = 0.2/Γfin. The remaining parameters are p = 2.4,
N0 = 1.7×1010 cm−3, z0 = 20rg, zmax = 100 pc, B0 = 40 G, ηacc = 7×10−7.
z = 0.0308 and 0.03364, respectively. We have chosen those objects
because they have soft radio-to-IR spectra with α ≈ −0.2, as well
as they are ones of the brightest sources in their class, their continua
from radio to hard X-rays are well covered and of high quality, see
Abdo et al. (2011b) and Abdo et al. (2011a), respectively. The data
for Mrk 421 have been obtained and averaged over a single obser-
vational campaign lasting about 1.5 yr, during which the measured
fluxes were almost constant (Abdo et al. 2011b). The observational
campaign for Mrk 501 lasted 4.5 months (Abdo et al. 2011a). We
use the luminosity distances of DL = 133 Mpc and 146 Mpc, re-
spectively, corresponding to H0 = 71 km s−1 Mpc−1 and ΩΛ = 0.73.
The BH mass of Mrk 421 was measured via the M-σ relation by
Barth, Ho & Sargent (2003) as log10(M/M) = 8.28 ± 0.11; here
we assume M = 2 × 108M, corresponding to rg ≈ 3 × 1013 cm.
The BH mass of Mrk 501 was estimated by the same method by
Barth, Ho & Sargent (2002) as M ≈ (0.9–3.5) × 109M. Here, we
assume M = 109M, though we note that the actual mass may be
lower (Rieger & Mannheim 2003).
Fig. 3 shows an example of the fit of the model to the spec-
trum of Mrk 421 assuming q = 0, i.e., a constant Γ. We assume
Θ = 0.2/Γ (following Pushkarev et al. 2009; Clausen-Brown et al.
2013). Since this model yields α = 0 in the partially self-absorbed
part, it cannot reproduce the radio-to-IR part of the spectrum. On
Figure 5. The radio-to-X-ray spectrum of the quiescent state of Mrk 501
compared to the synchrotron model with a decelerated Γ with q = −0.15
from Γ = 48 at z0 = 60rg to the terminal value of Γfin = 10, and i = 3/Γfin,
Θ = 0.1/Γfin. The remaining parameters are p = 2.54, N0 = 3.5×108 cm−3,
zmax = 100 pc, B0 = 400 G, ηacc = 5 × 10−5. The feature around 1 eV is
the emission of the host galaxy, not subtracted from the average spectrum
(Abdo et al. 2011a).
the other hand, we find we can indeed reproduce the spectrum of
Mrk 421 with an accelerated jet, with q = 0.1, as shown in Fig. 4,
which caption also gives all the parameters assumed in the model.
As discussed above, we should also be able to obtain soft
radio-to-IR self-absorbed spectra with a decelerated jet. We indeed
find a good model of the spectrum of Mrk 501 for q = −0.15, as
shown in Fig. 5, which caption also gives all the parameters as-
sumed in the model.
While we have fitted Mrk 421 with an accelerating jet, Potter
& Cotter (2013b) (based on the model of Potter & Cotter 2013a)
found they can model it by a significant deceleration. We stress,
however, that our fits were intended to illustrate the possibility of
reproducing soft radio-to-IR spectra by changing bulk Lorentz fac-
tor and are neither self-consistent nor unique. We could have, in
fact, fit Mrk 421 with a decelerating jet and Mrk 501 with an ac-
celerating one. Furthermore, we note that Potter & Cotter (2013b)
managed to obtain a good fit to the soft radio spectrum of Mrk 421
by assuming it was optically thin synchrotron emission. For that
emission, changing the bulk Lorentz factor does not change the
slope of the observed spectrum (unlike the case of partially self-
absorbed emission) and thus the deceleration used in that model
does not affect the value of α. As we argued in Section 1, while re-
producing spectra with α < 0 by optically thin emission may work
in some individual cases, it cannot account for most of the obser-
vational radio core spectra of the sample of Yuan et al. (2018) with
〈α〉 ≈ 0.0, σα ≈ 0.4.
Furthermore, as we stated in Section 2, equation (7), which
parametrizes the electron density, magnetic field strength and the
jet radius, is purely phenomenological. Our simple model also
ignored the γ-ray part of the spectra, whose form imposes con-
straints on the models via the requirement that the synchrotron self-
Compton emission does not exceed the observed spectrum. Repro-
ducing the broad-band spectrum from radio to γ-rays requires sig-
nificantly more complex models, which is beyond the scope of our
Letter.
4 CONCLUSIONS
We have considered partially synchrotron self-absorbed emission
of jets with a variable Lorentz factor. Our goal has been to explain
the origin of soft flat radio spectra, with α < 0. We have shown
such spectra can be obtained if the Doppler factor of an extended
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jet increases with the increasing distance from the jet origin. An
increasing Doppler factor can be achieved for either accelerated
and decelerated jets, depending on the initial viewing angle.
We have adopted a formalism based on the integration of the
non-thermal source function along the projected area of the jet,
assumed to be conical, and made simple assumptions about the
power-law dependencies of the electron density and the magnetic
field strength.
We have applied our model to two BL Lac objects, Mrk 421
and Mrk 501. We have shown that their broad-band radio to X-ray
spectra can be well fitted by the model, assuming relatively slow
changes of the bulk Lorentz factor of their jets. These models are
clearly not unique, and are intended to show the viability of the
general model.
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